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In 1950 G. G. Lorentz mitiated the study of certain classes of function
spaces associated with a measure space (X, 2, p) (cf. [12, 14, 15]). Particular
examples-—the so-called Lorentz L7-spaces —now play important roles in
both harmonic analysis and abstract interpolation space theory. This volume
of papers in celebration of Lorentz™ sixty-fifty birthday, therefore, would
seem to be an appropriate place for yet another series of results confirming
the role of the L#-spaces. For all unexplained notation and terminology see
{2.9, or 10].

Let (X, 2, p) be a totally o-finite measure space. If ¢ is a locally compact
group and p a fixed left invariant Haar measure, G will be so restricted also.
In one version of the Lorentz L*‘-spaces one defines L"(X, 2, u) as the
Banach space of (equivalence classes of )u-measurable functions f on X for
which
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is finite. Up to equivalence of norms, i.e., with constants depending only on p,
Ler(X, X ) = LX, 2 ).

One crucial property of these spaces is that, up to equivalence of norms, a
linear operator T: L"( Y, 2, v) -— Lr*(X, 2, u) is bounded if and only if Tis
of Weak Type ( p, p). In contrast, by definition 7: L2(Y, 2, v) — L(X. 2., p)
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TENSOR PRODUCTS AND MULTIPLIERS 137

is bounded if and only if T is of Strong Type ( p, p). The terminology stems
part from the fact that

Lo, 2wy © Lry(X, 2, ), | SR K P o) (2)

When G is a locally compact group, the strong type (p, p) operators
T: LYG) — L"G) satisfying T(f = k) == (TIf) = k for all fin L(G) and A in
Z(G) will be denoted by Cr#(G), and the corresponding operators
T LGy - LG, | <2 p <2 o, by Cv MG). The closure of LYGY} in
Ce™(G) (resp. Cr,"(G)) will be denoted by co®(G) (resp. cr,”(G)). We set

ANGY — PIL7(G) &y LAGY), 1 .p oo, (3)
AG) = P(LPHG) &, LHG)), | =2 p < oo, 4)

where 1/p + 1/p’ == 1 and, in (3). L7(G) is to be replaced by € (G) (cf. [6]).
In view of (2),

A,MG) C ANG) CCo(G). (5)

In a series of papers [8], [9], [10] we have developed a new approach to
Lr-convolution operator theory starting with so-called Varopoulos spaces
VX, Y) = Cy(X)R, €o(Y) and deriving from them, for every locally
compact group G, Banach spaces ¥ ™(() satisfying

A(G) T ¥ (G) TG, (6)

In the very important special case & — a,r, 1 =5 p < g <L oo, the results of
[9]1 and [10] show that the corresponding spaces ¥ 7(G) satisfy

(@) 7roG) = AMG), ¥ <ip oL oo

(b) FUG) = A(G) = A®G). | = p
(€) 77UG) = (G, | p << q <2
(d) fﬁfis an isomorphism from ¥ #(G) onto 7 ' "(G).

o

89}
K

o)

Parts (¢) and (d) hold for all G, but (a) and (b) are known only for G amenable.
What is interesting is that (a), (b), and (c) are consequences of deep results
from classical Banach space theory. If, following Doss ([5]), we use now a
deep result of Stein from harmonic analysis ([18]), we can complete the
identification of ¥"#(@), at least when G is abelian. The main result of this
paper is the following
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MAIN THEOREM. Let G be a locally compact abelian group. Then

() 1 71G) = 4,MG),
(i) LGy - v, MG). (7)
(i) (7 G)* — Co MG,

provided 1 = r << p <2 2. In particular, A,"(G) is a Banach algebra under
pointwise multiplication.

The equalities in (1), (ii), and (iii) hold up to equivalence of norms with
constants depending possibly on the group G as well as p. The theorem
provides yet another solution to the problem 9.1 posed by Eymard in {6].

The term multiplier is used in the title of this paper whereas convolution
operator is implied in the notation Ce?(G), Coe,,"(G). This double terminology
reflects the two ways of thinking of the operators in Ce#(G) and Cuv,"(G).
When G is abelian denote by I its character group, and by I'; the group I”
equipped with the discrete topology, so that then I is the character group of
the Bohr compactification hG of G. The Fourier Transform will always be
denoted by #. An operator T from L#(G) into L?(G) or into L»*(G) satisfies
T(fx k) = (Tf) =k tor all fin L"G) and k in #(G) if and only if there
exists @ in L7(I'y such that F(Tf) - ¢ - F(f) for all fin LG) (slight
modifications needed if p > 2). With obvious notation we write M2(I") and
M., (I") for the set of all such ¢ and put

b = Ticong ¢ MIG) Tl cunee (8)
There are analogous definitions replacing I" by I, .

COROLLARY. “‘Bochner—Eberlein.” Let ¢ be a continuous function on I
Then ¢ belongs to M,,"(I') if and only if ¢ belongs to M, "(I,). Thus

M. IYNney M) ed)
up to equivalence of norms with constants depending possibly on I" and p.

The proof of the Main Theorem and its corollary proceeds in several stages.
The basic idea is to show that £ (G) -~ ¢cv,(G), 1 << r < p <2, up to
equivalence of norms, by passing to bG where it is known that (¥ "2(bG))* -=
Cv,,”(bG) up to equivalence of norms. The main theorem then follows easily
(cf. Section 4).

It will be convenient to collect together here some known and some
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possibly less well-known properties of the L**-spaces. The dual spaces (L??)*
behave much like the Lebesgue L?-spaces:

(Lr(X, 2, p)* = LYC(X, 2, p), I % &

In terms of interpolation space theory:
(Ll, Lm)g_q;l\’ == LIHI, H =1 — l/[), (10)

isometrically; more generally
(L:noqa, me)e,q:K — (Li)oflu’ Lpllh)o,q;] — LTHI: 1/[) — I . 6/P0 + 9/[71 , (ll)

up to equivalence of norms when 0 <8 <1 and | < ¢ << w0 (cf. [2]
Section 3.3). Let (7 be a subspace of (<, LAX, 2, 1) dense in each space
Lo(X, 2, p), 1 << p < w. When ¢, r, 5, and 8 satisfy

g = (1 — O)fr + 0s, 0 <6 <1, I g, rs < oo, (12)
define ()l , on (7 by

1 loir,s = inf 2 (10 (L) el (13)

the infimum being taken over all finite series representations ¢ =3, ¢,
with {¢,} C &% Then we can show

PrOPOSITION 1. When q, r, s, and 0 satisfy (12), /(") and [(*)|l;.,.., define
equivalent norms on (I, the constants depending only on g, r, s, and 0.

Proof. Essentially this follows from (11) together with the fact that the
Bishop interpolation space construction ([1, p. 470]) yields the maximal scale
of spaces ([13, p. 109]) which is known to coincide, up to equivalence of
norms, with the Peetre family (-, *),.q.1 -

1

Throughout the remainder of this paper G will denote a locally compact
abelian group. The proof of the following theorem uses only simple modifi-
cations of the proof of the corresponding results for 42(G) and Cv?(G)
(cf. [6, 7).
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THEOREM 1. Let G be g locally compact abelian group and 1 < p < o,
Then
(1) for each T in Cv,"(G) there is a net {$,} in LNG) such that | ¢, - <.
LT 1in Co,™G) while ¢, — T in the strong operator topology;
(i) (4.,°GN* == Cv NG) isometrically setting

f N e Tew (14)

Jor Tin Co,MG) and [ == P(X, [ ) g,) in A,7(G).

Proof. (1) A careful reading of the proof given on page 2 in [7] for the
case when 7" maps L7(G) into LYG) shows that the following properties of
LYG) are used:

(a) ¢ + 1 so that then LYG) - (L7(G)*,
(b) L"(G) is a Banach L*(G)-module under multiplication.

But, by (9), L**(G) is a dual space if | <2 p = oc. On the other hand, by
interpolation and (10), L”'Y(G) is a Banach L*(G)-module under pointwise
multiplication since LY(G) and L*(G) are. With these observations the proof
on page 2 of [7] for T:L™G)->LYG) can be carried over to
T: L*(G) — L"(G).

(i1) Although we have followed Eymard in our definition of A4,7(G)
and in (14), the proof in [7, p. 4] carries over to 4,"(G) and Cr,*(G) because
once again properties (a) and (b) are the vital ones.

2

If o,: G —> bG is the canonical injection, then m,: ¢ — ¢ o o, defines an
isometric mapping of 7 *(bG) in #rYG), | <p < g < oo, (cf. [10,
Theorem (3.13)]. 1dentifying .Z(G) with a closed subspace of (# (G))*
(== Z£¥7(G))y**) we obtain a norm-decreasing mapping

n

7 ¥ LG > (¥ DG, (13)

[10, Corollary (2.13)]. Since the Fourier Transform is 1 — | on £74((G),
my ¥ clearly is I -~ 1 in (15); in fact,

Fm@ () = F(r,. JeZL7G).

THEOREM 2. For | <l p =L ¢ <7 oo the mapping «,* is an isometry from
L(GY into (V(G))*
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Proof. Since #'7(G) = (£7(())*, it is enough to show that the unit ball
of ¥"71(bG) is dense in the unit ball of Z£#(G) in the o(#*4G), £17(G))-
topology. But, by the results of Section 3 in [11], this property is true of all
tensorial norms « including the tensorial norm «,,- used to define ¥ #4(bG)
and #77(G).

3

In this section we shall establish the analog of Theorem 2 for the spaces
cr,"(G) and Cv,P(bG). Although the proof given owes much to the work of
Coifman—Weiss [3], de Leeuw [4], and Saeki [17], it does offer a slightly
different approach.

To each fin LY(G) there corresponds an operator K; on ¢(bG) defined by

KO = | J0) s dv,  deCG).  £cbG. (16)

Clearly the mapping «: f-—> K,;is 1 — | and
F(Ky) = F(lr, -
ie., x coincides with ¥ on LY(G).

THEOREM 3. For | < p < o0 the mapping « extends to a bounded linear
mapping x: cv,%(G) — Cv,?(bG) such that

A4, Hfivivg,,,g)((;) < Kf“clﬂ)(bg) < B, Hf“cv&((;) > fe LYNG), (17)
with A, and B, constants depending only on p.

It is enough to establish (17) for a function fin 2 (G) with compact support,
say, C. Let H be a compactly generated subgroup of G containing C, and let
oy: H — G be the canonical injection. The proof of (17) will be broken down
into several steps. Notice first that, whenever H is any closed subgroup of G,
there is an injection my: LY H) —> M(G) (= (€(G))*) given by

[ $0 derat) = | (& onX®F (O de. (18)

PROPOSITION 2. For any closed subgroup H of G the mapping my extends
to a bounded linear mapping my : cv ,*(H) — Cv,(G) such that

AP, H.f”cvg(}{) < ‘; 7THfHC?‘Z)(G) {t B?), H-/“‘!C‘U?u(H) b f‘e LI(G)5 (19)

with A, and B, depending only on p.
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Proof. To establish to right-hand inequality it is enough to estimate

SUpl <, (mf) « $51: by b€ A G 1 b s Ly = Vb €K (H),

where 1/p - /g == 1 {cf. (9)). Now, by (18) and invariance of Haar measure,

W af) vy = | P || $E 016 dE] dv

- |;, st) 3."6 Pl [fH (&) () dé dx§ dn

= M T | e vn) @) ] sty i

for any s in L*(H) such that [, s == I. But, since H has the property P, , to
cach € > 0 there corresponds s in LY H) so that

',

G

~

i

(1 L e) (’ s JOH P(xn) “H H(E1xm) () d§] dn 1 dx),

G/H

(e [t £6) de] st ] i |

H

Haar measure on G, H and G/{H suitably adjusted (cf. [16, pp. 115, 168]).
Hence

s @uf) byl < (=) ST, (J‘G/H H b gy | e HL,,(H)dx)),
where ¢,(n) = #(xy). Since
JG/H o ) i = [ 1 G017 dx,

it follows easily from Holder’s inequality and Proposition 1 that

o G = (U DA 1 o T ey | ances

establishing the right-hand inequality in (19).
For the left-hand inequality we have to estimate

Sup{l(\sb’fk ¢>l: ¢7 l/l € 7/‘(}[), [‘ QA ‘i"L"(H) ’ 1‘ l/‘ “}L'”(H) : / 1}" /C %([1)'

Choose @, e A(G) so that |, =, Wlg = For each compact
neighborhood U of e in G/H set

a0 = (UmON . 7, = (1m(UYY7 x, |
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where y, is the characteristic function of U and m(U) its Haar measure
(in G/H). Then

<o, (muf) = (r @) <il7ufl | 0.1111[/!qu1(0) | 7. P I;LT‘(G) s

while
llll]ﬂ <ngla (77Hf) * (Tu(p)>
. 1 ; ¢
= lim oy JG/H xu) | JH Yxg) () * D)xm) dn] dx
= [ @ By = S .
Since also

Iign 1 7u®@ ooy = | 1 oy >
an easy application of Proposition 1 shows that
lim sup || 0, '[! ) < /By [ bl or gy »

for some constant B,’. The left-hand inequality now follows.
Entirely analogously there is a bounded linear mapping
g 0 P(OH) — Cv,2(bG)

and a pair of inequalities corresponding to (19). Theorem 3 now follows
immediately from this last pair of inequalities, (19), and the next result.

PropoSITION 3. Let H be a compactly generated subgroup of G. Then,
for 1 << p << oo, the mapping « extends to an isometry
k: cv, ,’(H)— Cv,*(bH),
from cv, P(H) into Cv,»(bH).

The corresponding result for co™(H) is due (essentially) to de Lecuw [4]
since any compactly generated locally compact abelian group is isomorphic
to a group of the form R* x Z™ x @ with @ compact. de Leeuw’s proof
carries over easily to the setting of Proposition 3. We omit the details.

4

The proof of the Main Theorem is now almost trivial. For, by Theorems 2
and 3, there exist mappings

m* L) — (PG, ki, (G) > Cu,"(b6),
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the first an isometry and the second a norm equivalence mapping (cf. (17)),
such that «,* coincides with « on the subspace LY(G) dense in both spaces.
But, by Corollary 6.2 in [9],

( THHG* - Cor(bG),

isometrically; on the other hand, using a result of Stein [18], Doss has shown
that

Co7"(bG) = Cr,"bG), 1 wr<p <2,

[5)]. Thus Z(G) == cv,”(G) up to norm equivalence, establishing part (ii)
of the Main Theorem.

Now by part (i) of Theorem 1, A4,7(G) embeds isometrically in (cz,”(G))*;
and 7Y %G) always is a closed subspace of (Z¥(G)* (= #G))

completing the proof of the Main Theorem.
With the identifications in the Main Theorem, the corollary is just one
special case of the results in [11].

Remark. Theorem 3, a critical step in the proof of the Main Theorem, is
a special case of the corollary of the Main Theorem. It seems likely (better
still, it is to be desired) that this step and the use of structure theory for G be
avoided by finding a version of the Stein theorem in the context of the spaces
(go(X) (e (60( Y)s Ll(G1) &’ LI(G;’)-

REFERENCES

1. E. Bisaor, Holomorphic completions, analytic continuation, and the interpolation
of semi-norms, Ann. Marh. 78 (1963), 468-500.
. P, L. Butzer AND H. BERENS, “Semi-Groups of Operators and Approximation,™
Springer-Verlag, Berlin—Heidelberg-New York, 1967.
3. R. R. Corrman anD G. WEIss, Operators associated with representations of amenable
groups, singular integrals introduced by ergodic flows, the rotation method and
multipliers, Studia Math. 47 (1973), 285-303.
K. DE LEeuw, On L ,-multipliers, Ann. Math. 81 (1965), 364-379.
. R. Doss, Some inclusions in multipliers, Pacific J. Math. 32 (1970), 643-646.
P. EYMARrD, Algebres A” et convoluteurs de L», Sém. Bourbaki, No. 367 (1969/70).
. A. FIGA-TaLaMANCA AND G. 1. Gaupry, Density and representation theorems for
multipliers of type (p, q), J. Austral. Math. Soc. 7 (1967), 1-6.
8. J. E. GiueerT, L7-convolution operators and tensor products of Banach spaces, Bull.
Amer. Math. Soc., to appear.
9. J. E. GeerT, L?-convolution operators and tensor products of Banach spaces. I,
submitted.
10. J. E. GieerT, L7-convolution operators and tensor products of Banach spaces. 11,
submitted.

|15



1t.

12.
13.

14.
15.
16.
17.

18.

TENSOR PRODUCTS AND MULTIPLIERS 145

J. E. GiLBerT, Restriction and Extension results connected with L*-convolution
operator theory, in preparation.

R. A. Hunr, L(p, q)-spaces, L’Enseignement Math. 12 (1966), 249-276.

S. G. KreiN anD J. I. PETUNIN, Scales of Banach spaces, Russian Math. Surceys 21
(1966), 85-159.

G. G. LorenTtz, Some new functional spaces, Amn. Marh. 51 (1950), 37-53.

G. G. LorenTZ, On the theory of spaces 4, Pacific J. Math. 1 (1951), 411-429.

H. Retrer, “*Classical Harmonic Analysis and Locally Compact Groups,” Oxford
Univ. Press, Oxford, 1968.

S. Saeki, Translation invariant operators on groups, Téhoku Math. J. 22 (1970),
409-419,

E. M. SteiN, On limits of sequences of operators, Ann. Math. 74 (1961), 140-170.



